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An attempt is made to establish an equation for the /

ABSTRACT

scattering of sound within the turbulent atmosphere

under the following assumptions: the distribution of

—

the turbulent pulsations in space is random, statis- /
tically stationary and isotropic in the sense of

Karmann. Expressions are derived for the amount of

acoustic energy scattered into an elementary solid

angle in a certain direction and per unit of time, as

well as for the total scattered energy. /44&422:;__

The investigations of the laws of sound-scattering under the /616%

conditions of a turbulent atmosphere is a current problem of me-

e T mn
we have attempted

teorological acoustics. In the present repori

to obtain an approximate solution of the problem using methods of

* Note: Numbers in the margin indicate pagination in the original
foreign text.



the statistical theory of turbulence, based on acoustical equations
of media in motionm.
§1. The basic equation for the propagation of sound in a medium

in motion can be written in the following form:

’ S,
Ay —aDig=0, (1)

where ¢ is the potential of the acoustic wave* and

D=24+@Vy;
Dt is the operator of complete differentiation with respect to the time;
u , the motion velocity vector of the fluid; c, the speed of sound.
This equation was established by Andreyev (Ref. 1) by making a few
simplifying assumptions.

Let us assume that the average flow velocity is equal to zero
and that u is the instantaneous value of the pulsation velocity in
the turbulent flow. Since the pulsation velocities under conditions
within the earth's atmosphere are small with respect to the speed
of sound, we will only retain terms in the equations, which are of
an order corresponding to the smallest power of the small quantity

U= and we will neglect terms of higher order.

ole

By expanding the expression for the operator Di and by ignoring

the terms that are small of the second order in equation (1), we

* 1In the present paper we will neglect the component of the sound
field which does not have a potential which, in general, is
present in the spreading of sound within a flow with vortices.
The value of this component, in comparison to the potential
component under conditions which correspond to the atmosphere,
is not large.



obtain the "shortened" equation for the sound propagation:

' = g0 .,
o—m=a "»deg"eea—:)v (2)

we will make use of this equation in the following.

§2. We will make the following assumptions concerning the /617
field of turbulent pulsations:

1) The distribution of the pulsations in space is of a
coincidental nature. The pulsations are statistically independent
at points that are sufficiently distant from each other.

2) The distribution of the pulsations in space is statis-
tically stationary; the reference moments among the pulsations at
different points depend only on the vector connecting these
points:

Ea(r)u ) =M ¢,—7,) )
in which E is the symbol for mathematical expectation and M is
the tensor of the reference moments.

3) The field of the turbulent pulsations is isotropic in
the sense of Karmann (Ref. 2, 3).

The problem posed in the present paper consists of establishing
a "local" equation for the scattering of sound, which determines the
transformation of the sound wave through any "elementary volume" of
the turbulent flow. Let us select an element having the form of a
cube of volume V from the turbulent flow, whose dimensions must
satisfy the following conditions: A) in comparison to the dimen-
sions of the turbulent disturbances, the volume must be sufficiently

large, so that the correlation at a distance of about one~fourth of



the base length of the cube disappears for all practical purposes.
B) The dimensions of the elementary volume are such that the number
of sound waves, that it can accomodate, is smaller than Z%—.

u . . .
pe=_ 1is the ratio of the average square of the pulsation velocity

to the speed of sound.

Figure 1.

Under ordinary conditions in the atmosphere u R 0.003 to 0.001, and
1
u

"~ 300 to 1,000.

Since we are dealing with a local problem, we will assume, sub-
ject to some reservations, that the pulsation velocity outside of the
volume considered is u = 0.

§3. Let the wave passing through be given by the equation

70 (7 £) = Ayeilot=15:1) ®
where j = vV - 1, 2-¢ p - is the wave vector and Ay - is the
J P b P v

amplitude.
We will look for the solution of equation (2), i.e., the func-
tion ¢(r, t), which approximates the function ¢0(§, t) asymptotically

as one departs from the "scattering" element V and which defines the



undisturbed wave. Let us assume that ¢ = ¢g + ¢y . We then obtain

the following differential equation for the "disturbance” o

a’
A‘i"‘“:‘ss?“‘- ("»degree?.)+c, (u, grad ¢). s)

The disturbance disappears at infinity: y(r, t) > 0 for r » «,

By integrating the inhomogeneous wave equation (5) by the /618

method of retarded potentials, we obtain the following integral
equation:

?(;?‘)="2é-5&5< z(zp degree‘?.(Pvt--~>>dV--—
”%SSS(LE' degee ¢ (p1 =7 ) ) dV; - ©

in which R = I—

Let us assume that the center O of the volume V is the co-
ordinate system origin; let us denote the unit vector which deter-
mines the direction of the scattered ray by ﬁ, and let us call the
distance between the center O and the point of observation Rg .

For large values of Ry, the following development applies:
—~ o1 11— -
R=R,—(m, p); " =R;+'R’§ (m, p).
By solving the integral equation obtained by the method of
successive approximations and by again introducing the parameter u,

which is a small quantity, we obtain the desired solution in the

form of a series:

b=, 4+, + 9+ - i =01 $,=0")...
The convergence of this process is assured when the condition "B"

is satisfied. Let us - considering the smallness of the quantity u -



restrict ourselves to the first approximation. For large values

of Rg the following expression is obtained for it:

4, (R, m, t) = 2r.c'R (p, S§ S;(;)eiw(a—r.)-,-(s..,,,;;, 2 dV;) - ;,;
= 22‘;;'(:7'0(!—4-,) (;’ S‘S S;@) e—,ﬁ(’;.p;,‘,;)d_v;)v.’ L ‘ @)
Ro

in which tg = 77 .

For large distances from the center 0, the effect of scat-
tering of the acoustic wave by the element V is equivalent to the
propagation of the spherical wave. Since the pulsations u(p) are
of a coincidental nature, the wave described by the function ¥
is not coherent with the wave ¢y passing through.

§4. In order to determine the sound energy, which is scattered
by the element V in the direction of the vector m, we determined

the mean square of the amplitude ¥;:

. : EH’;' —Eq’nq’l = ‘
4:3'1’1(( p, S§ S S S Su (p) u(p) e~ (®=Pm) Ga-pa) GV -dV,,,;) =
v

ﬂ:;’.( SSSS§SM(“_P.)C—,«;;-W) (=720 dV dV _) (8)

in which M(Sl - po) = Eu(pl)-u (pp) is the tensor of reference
moments.

By applying condition "A", we can replace the first integration

r 1

over the volume V by the integration over the entire space, without
making a large error. Let us introduce the following additional

notation

q>(k)-_-_‘_,

= SQS ““’”’M(r)dl’-‘;

.(/'1_'_

(9



we then obtain the final expression for the mathematical expectation /619
lv1|2:

P B
Etl'=2=3 4 (. 2(p—pm) p)V, (10)

in which Vy is the volume of the scattering element V. The tensive
function @(k) can be called the "spectral function" of the turbulent
flow. It is closely related to the distribution of the turbulent
pulsations among the frequencies. For the case of an incompressible,
isotropic pulsation field, the spectral function is defined by only

a scalar function which satisfies the following tensor equation:

@ (F) = Ea* (F (k) T —F (k) 55F) an
in which I is the symbol for the unit tensor, Eu? is the mean
square of the pulsation velocity.

Let us introduce the scattering angle &, which is the angle
between the direction of the wave passing through and the direction
of the scattered ray m. After some simple transformations, we

obtain the following from equation (10) with the aid of equation (11)

< A2 et ut e 0 8
El1y p="0, 22" . 2. —_ : _ s _

19" =5 F(ln — sin ) cos® 3. (12)
It is also advantageous to introduce a dimensionless spectral

function f when using the concept of a linear scale for turbulence.

For this purpose, let us set

F (k) =0 (Ik)
in which 7 is some characteristic length which is connected with
the nature of the turbuleni {iow. Eguaticn {(12) can be rewritten in

the following way:



E|o, I = (2-,:)'( )’ -;(::):—sm —) cos® & I,’— (13)

The sound energy is proportional to the second power of the
amplitude. Therefore, an amount of energy which is proportional
to Elwllz Rﬁdﬂ is scattered into an element having the solid
angle dQ.

Let us set Vg = SAx, in which Ax is an element of the path
traversed by the incoming wave. Let us call the energy flux U.

Thus, Up = xA%S is the energy flux passing through and

U’ = x{ J |w2| R%dﬂ is the flux of the scattered energy. x is a

Q
proportionality constant. By multiplying both parts of equation

(13) by xRi dQe, we obtain the sound energy scattered into the
element having a solid angle dQ in the direction 6 per unit of

time:

av' =, 2= (1) (8"‘““‘“'_)°°52md9‘ (14)

By integrating over the sphere, we obtain the total amount of
scattered energy
U= ‘o= |
wh(3)%, |
where -, (7> = (2x)* S S /(Sﬂ—sln 2)coa 2de, (15)
: 1

Equations (14) and (15) are the complete solution of the problem. /620
Lt is mnatural tv establish thc hypothesis, that the scattered

energy U’ comes from the fundamental flow having the energy Ug,
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which is the reason the fundamental flow Uj experiences an attenua-
tion when it penetrates the thickness of the turbulent layer in the
atmosphere.

The attenuation coefficient of the energy of the fundamental
flow due to scattering can be expressed in the following way:

OO

In order to obtain numerical results, it is necessary to
know the dimensionless spectral function f, the value of the tur-
bulent scale 7 and the mean square of the pulsation. These
quantities can be obtained by means of appropriate experimental

investigations under natural atmosphere conditions.
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